Abstract: We propose a set of boundary terms for higher spin theories in AdS 3 that lead to a well-defined variational principle compatible with Dirichlet boundary conditions for the metric and higher spin fields. These boundary terms are valid for higher spin theories in the Fefferman-Graham gauge and they allow us to compute the canonical free energy of higher spin black holes directly from the Euclidean, covariant, on-shell action. Using these results we reproduce the thermodynamics of the higher spin black hole of Ammon, Gutperle, Kraus, and Perlmutter and comment on the corresponding theory of induced W-gravity at the boundary.
Introduction
Higher spin theories in AdS 3 share many of the features that make three-dimensional gravity with a negative cosmological constant an interesting toy model [1, 2] . Despite lacking local dynamics, the theory possesses boundary degrees of freedom. These are linearized pertubations associated with the non-trivial asymptotic symmetries of the theory [3] [4] [5] [6] [7] . The absence of local degrees of freedom implies that all solutions are locally gauge equivalent. Yet the theory admits globally non-trivial black hole solutions [8] [9] [10] , generalizations of the BTZ black holes of three-dimensional gravity [11, 12] .
The thermodynamics of black holes in anti-de Sitter space are most elegantly studied in the framework of covariant Euclidean quantum gravity [13, 14] . That is, via the Euclidean partition function, whose saddle-point approximation yields the black hole free energy F,
where g and h denote the bulk and boundary values of the metric, I E is the Euclidean action, and β is the inverse Hawking temperature. The Euclidean action must be finite when evaluated on shell. It must also have a well-defined variational principle compatible with Dirichlet boundary conditions that fix the metric (and any additional fields) at the boundary. Higher spin theories are known for lacking an action principle from which their equations of motion may be derived [15] [16] [17] [18] , the exception being higher spin theories in three dimensions [5, 19, 20] . Indeed, in parallel with three-dimensional gravity [21, 22] , higher spin theories in AdS 3 admit a Chern-Simons formulation with gauge group SL(N, R)×SL(N, R) describing fields of spin 2, 3, . . . , N [5] . However, when evaluated on shell, the ChernSimons action of SL(N, R) black holes generically vanishes and the covariant approach to the thermodynamics of higher spin black holes fails. The same problem is encountered in the Chern-Simons formulation of AdS 3 gravity and several ways to recover the thermodynamics of black holes were devised in [23, 24] and generalized to higher spin theories in [25, 26] .
In this paper we show how to recover a finite, covariant, on-shell action for higher spin black holes. This is achieved by supplementing the Chern-Simons formulation of higher spin theories with boundary terms at the asymptotic boundary and, for black holes in Schwarzschild coordinates, with a boundary term at the horizon. 1 The former are a generalization of the boundary terms accompanying the Einstein-Hilbert action in the metric formulation of three-dimensional gravity [13, 27] . They guarantee both finiteness of the action and a well-defined variational principle that fixes the metric and higher spin fields at the boundary. We argue that these terms, otherwise non-linear in the Chern-Simons fields, become quadratic expressions of the latter in the Fefferman-Graham gauge.
The other boundary term is located at the horizon of the higher-spin black hole and is a generalization of the Gibbons-Hawking term for higher spin theories. This term arises when deriving the Chern-Simons formulation from the first order formulation of the theory. Although we do not treat the latter as a true boundary and we do not impose boundary conditions there, this boundary term does make a finite contribution to the action and is partly responsible for the free energy of higher spin black holes. Note that adding this term to the on shell action is equivalent to working with the first order formulation of the theory. Nevertheless we will stick to the Chern-Simons formulation since calculations are much simpler in the Chern-Simons language.
Focusing on the SL(3, R) higher spin theory in the principal embedding, we will show that in the Fefferman-Graham gauge the on-shell action of higher spin black holes reads 2) where k 3 is inversely proportional to Newton's constant, A andĀ are the SL(3, R)-valued Chern-Simons fields, µ andμ are the sources for the higher spin charges W and W, and H and ∂Σ denote respectively the horizon and the asymptotic boundary. 2 The asymptotic boundary term probes aspects of the induced theory of W-gravity at the boundary (see e.g. [28, 29] for reviews). In particular, general covariance of the latter implies that the higher spin charges do not obey the standard (chiral) Ward identities associated with the W 3 × W 3 asymptotic symmetries of the theory. Although the higher spin black hole of Ammon, Gutperle, Kraus, and Perlmutter (AGKP) [8, 10] is not in the Fefferman-Graham gauge, we find that eq. (1.2) leads to consistent thermodynamics in agreement with the results of [25, 26, 30, 31] (see [32] for additional references). However, in contrast to the higher spin black holes in the FeffermanGraham gauge, the charges of the AGKP black hole do obey the chiral W 3 Ward identities. This suggests that the AGKP boundary conditions lead to a different theory of induced W-gravity at the boundary from that obtained from boundary conditions compatible with the Fefferman-Graham gauge. 3 The paper is organized as follows. In Section 2 we write down the boundary terms in the Chern-Simons formulation of three-dimensional gravity that guarantee a well-defined variational principle and a finite, non-vanishing, on-shell action. In Section 3 we generalize these boundary terms to SL(3, R) higher spin theories in the principal embedding and write down the covariant on-shell action of SL(3, R) higher spin black holes. We compute the free energy and entropy of the AGKP higher spin black hole and interpret the asymptotic boundary terms in the on-shell action in the context of induced W-gravity at the boundary. We end with our conclusions in Section 5. Our conventions are confined to Appendix A while the generalization of our results to SL(N, R) higher spin theories is considered in Appendix B.
Warming up with SL(2, R)
In this section we introduce the asymptotic boundary terms in the Chern-Simons formulation of AdS 3 gravity in the Fefferman-Graham gauge that lead to a well-defined variational principle compatible with Dirichlet boundary conditions. For black holes in Schwarzschildlike coordinates where the horizon is manifest we also write down the boundary terms at the horizon that render the covariant, Euclidean, on-shell action finite and reproduce the free energy of the BTZ black hole. These boundary terms are generalized to the SL(3, R) higher spin theory in the next section.
Asymptotic boundary terms
Let us begin by discussing the asymptotic boundary terms in the Chern-Simons formulation of three-dimensional gravity with a negative cosmological constant. We would like to find boundary terms that lead to a well-defined variational principle compatible with Dirichlet boundary conditions for the metric. These boundary terms must also render the action free of divergences. 4 The boundary terms we are looking for are precisely those that, in the second order formulation of General Relativity, guarantee a well-defined variational principle and a finite action [13, 27] 
where k = 1/4G N , G N is Newton's constant, ℓ is the radius of AdS which we set to one, h is the determinant of the induced metric at the boundary, and K is the trace of the extrinsic curvature.
As shown in refs. [21, 22] three-dimensional gravity with a negative cosmological constant can be described by two Chern-Simons actions with opposite sign. Indeed, keeping track of boundary terms we have 
and I CS [A] is the Chern-Simons action given by
The asymptotic boundary term in eq. (2.2) is proportional to the Gibbons-Hawking term, namely [24] ∂Σ tr(A ∧Ā) = 2 5) where ∂Σ denotes the asymptotic boundary. Thus, the Chern-Simons formulation of threedimensional gravity reads 6) where, by construction, the boundary term I b [A,Ā] leads to a finite action equipped with a well-defined variational principle that fixes the metric at the boundary. The boundary term is given by
where Greek indices denote boundary coordinates. The non-linear nature of the boundary term I b [A,Ā] is unappealing and makes the Chern-Simons formulation cumbersome. However, in the Fefferman-Graham gauge this term becomes quadratic in the Chern-Simons fields as we will soon find. Recall that in Fefferman-Graham coordinates the metric is given by [33] 8) where uppercase Roman indices denote bulk spacetime coordinates and the boundary is located at r → ∞. In eq. (2.8) g
µν denotes the boundary metric while g (2) µν encodes the charges of the solution, e.g. its mass and angular momentum. In terms of the Chern-Simons fields the metric is given by
Thus, in the Chern-Simons formulation the Fefferman-Graham gauge corresponds to [34, 35] A 10) supplemented by the following condition on the gauge fields [36, 37] 
In eqs. (2.10) and (2.11) x ± = t ± φ denote boundary lightcone coordinates while L 0 is the zero mode of the SL(2, R) algebra (see Appendix A for our conventions). Note that it is always possible to enforce eq. (2.11) via residual gauge transformations compatible with eq. (2.10) [38] .
In the Fefferman-Graham gauge the non-linear boundary term given in eq. (2.7) becomes quadratic in the gauge fields
Unlike eq. (2.7), eq. (2.12) can be easily generalized to higher spin theories. Note that since we have fixed the gauge, the Chern-Simons action is covariant despite the explicit appearance of L 0 in the boundary term. This is not surprising given the distinguished role that L 0 plays in the Fefferman-Graham gauge. The second term in eq. (2.12) is one of a few generally-covariant choices that is quadratic in the fields. Any such term must depend on the combination A −Ā = 2e since the alternative A +Ā = 2w leads to an ill-defined variational principle in the first order formulation of the theory. Indeed, a different way to arrive at eq. (2.12) is by demanding an action whose variation is finite and proportional to 13) since such a variation is guaranteed to fix the metric at the boundary. Any boundary terms quadratic in A −Ā other than that appearing in eq. (2.12) either introduce divergences in the action or vanish exactly in the Fefferman-Graham gauge. Nevertheless, it is possible to relax some of the conditions we have imposed on the action in interesting ways and obtain different but closely related boundary terms [39, 40] . One may wonder why have we derived the asymptotic boundary terms by appealing first to the second order formulation of three-dimensional gravity. The point is that eq. (2.12) is valid only in the Fefferman-Graham gauge. Away from the Fefferman-Graham gauge we should use the highly non-linear boundary term given in eq. (2.7). Any other choice of boundary terms, whether or not quadratic in the Chern-Simons fields, cannot be written in a generally-covariant form in the second order formulation of the theory. Since different boundary terms can give different finite contributions to the on-shell action (and still regulate all divergences) we need an additional principle to determine the appropriate boundary terms. This principle is general covariance of the gravitational theory the Chern-Simons formulation aims to describe.
Let us now consider the variation of the action. It is convenient to parametrize the gauge fields a andā appearing in eq. (2.10) as follows,
where L a are the generators of SL(2, R) in the highest-weight basis (see Appendix A). In terms of these variables the boundary metric in eq. (2.8) is given by 15) where the indices are symmetrized with unit weight. We thus learn that in the FeffermanGraham gauge highest-weight fields in the unbarred sector and lowest-weight fields in the barred sector determine the boundary data. Using this parametrization of the gauge fields, variation of the action yields
where we have ignored the bulk term responsible for the equations of motion
Thus the boundary terms in eq. (2.12) lead to a finite action with a well-defined variational principle that fixes the metric at the boundary. This should not be surprising since these terms were borrowed from the second order formulation of the theory. In particular, the most general solution compatible with Brown-Henneaux boundary conditions [3] ,
where η µν is the two-dimensional Minkowski metric, may be obtained by setting 19) and solving the equations of motion (2.17). There are six components to the latter that allow us to solve for the six unknowns, the most general solution being [35] 
where L = L(x + ) andL =L(x − ) parametrize the space of solutions compatible with the boundary conditions.
The normalization of the subleading components of the unbarred and barred gauge fields is chosen so that the charges generating the asymptotic symmetries, described by two copies of the Virasoro algebra, are given by L andL, see e.g. [35] . That these are the charges of the theory can also be seen by computing the holographic one-point functions of the dual stress-energy tensor. Indeed, using [27] T µν = 2 
while the T +− component vanishes as expected from the conformal symmetry of the dual theory.
On-shell action and black hole thermodynamics
Let us now reconsider the thermodynamics of the BTZ black hole in the Chern-Simons formulation. When deriving the Chern-Simons formulation of three-dimensional gravity we dropped a total derivative contribution corresponding to the lower limit of integration of the bulk integral in eq. (2.2). In Euclidean signature the locus of this contribution is the origin of coordinates and depending on the coordinate system used this term may or may not contribute to the on-shell action. 5 In this paper we will consider Schwarzschild-like coordinates where the location of the horizon in Lorentzian signature corresponds to the origin of coordinates in Euclidean signature. Thus, in this coordinate system the on-shell action receives a non-trivial contribution from a boundary term at the horizon. Since we do not treat the horizon as a real boundary in the Lorentzian theory, i.e. we do not impose boundary conditions there, we are justified in ignoring this boundary term in the off-shell action. Nevertheless, this term does give a non-vanishing contribution to the Euclidean on-shell action and is partly responsible for the free energy of the BTZ black hole. From eqs. (2.2) and (2.5) we see that this boundary term is nothing but the Gibbons-Hawking term at the horizon. The covariant, on-shell (os) action of three-dimensional gravity in the Chern-Simons formulation is thus given by
where H denotes the location of the horizon. Note that by keeping all the boundary terms that arise in the derivation of the Chern-Simons formulation of three-dimensional gravity we are effectively working with the first order formulation of the theory written in different variables. Thus, it is not surprising that we can reproduce the thermodynamics of the BTZ black hole. Nevertheless one advantage of the Chern-Simons formulation is that the
Chern-Simons actions I CS [A] and I CS
[Ā] vanish in the gauge (2.10) so that the covariant, on-shell action is given entirely by the boundary terms
This will prove to be especially convenient for the higher spin black hole whose connections depend non-trivially on the radial coordinate. For completeness let us conclude this section by obtaining the thermodynamic properties of the non-rotating BTZ black hole in the canonical ensemble. The latter is described by the solution given in eqs. (2.20) with L =L ≥ 0 and its metric is given by [35] 
In the semi-classical approximation the free energy F of the BTZ black hole can be obtained from the Euclidean partition function 26) where I os E is the covariant, Euclidean, on-shell action and β is the inverse Hawking temperature. The latter is determined from the identification t E ∼ t E + β that guarantees a smooth horizon free of conical singularities in Euclidean signature. For the metric given in eq. (2.25) the temperature is given by 27) where r H is the location of the horizon,
Alternatively, the temperature of the BTZ black hole, which has the topology of a solid torus in Euclidean signature, can be determined by demanding trivial holonomies for the gauge fields (2.20) around the contractible (time) cycle (see e.g. [41] ). In the Fefferman-Graham gauge the Chern-Simons actions
, and the boundary term I b [A,Ā] all vanish on shell. Thus, the only contribution to the free energy comes from the boundary term at the horizon, 29) where the relative minus sign with respect to eq. (2.23) comes from the Euclidean continuation, i.e. t → −it E . From the free energy one readily obtains the entropy 30) which agrees with the area law of black hole entropy, and the charge conjugate to the inverse temperature,
which agrees with the T tt component of the stress-energy tensor (2.22) up to normalization. As expected, from these equations it follows that
SL(3,R) higher spin theory
In this section we consider the generalization of the boundary terms considered in the previous section to higher spin theories. These boundary terms lead to a finite action with a well-defined variational principle that fixes the metric and higher spin fields at the boundary. We focus on the SL(3, R) higher spin theory in the principal embedding. Comments on the generalization to SL(N, R) higher spin theories are given in appendix B.
Asymptotic boundary terms in the Fefferman-Graham gauge
Let us begin by discussing the asymptotic boundary terms of the SL(3, R) higher spin theory. In parallel with three-dimensional gravity with a negative cosmological constant, this theory may be formulated in terms of two SL(3, R) Chern-Simons actions with opposite sign [5, 19, 20] ,
where I b(3) [A,Ā] is to be determined and I CS carries a different normalization from its SL(2, R) counterpart (see Appendix A for our conventions),
where k 3 = k/4 = 1/16G N . The SL(3, R) gauge fields are defined in terms of a generalized dreibein and (dual) spin connection
In particular, the theory also admits a first order formulation similar to General Relativity but in terms of these objects,
The spectrum of higher spin theories depends on how the gravitational SL(2, R) sector is embedded in SL(N, R). In this paper we will focus on the principal embedding where the actions (3.1) and (3.4) describe the non-linear interactions of spin-2 and spin-3 gauge fields. The latter may be recovered from the Chern-Simons fields or the generalized dreibeins via
These expressions reveal an interesting feature of higher spin theories: both diffeomorphisms and spin-3 gauge transformations act non-trivially on the metric. The similarities between eqs. (3.3) and (3.5) and their SL(2, R) counterparts, eqs. (2.3) and (2.9), suggest that the bulk contribution to the action (3.1) does not have a variational principle compatible with Dirichlet boundary conditions for the metric and spin-3 field. This is most easily seen in the first order formulation of the theory whose variation yields
where we have ignored the bulk term that yields the Chern-Simons equations of motion F =F = 0. The boundary term that yields the desired variation of the action, i.e. one proportional to ∂Σ (. . .) ∧ δ(A −Ā), is given by
where ∂Σ tr A ∧Ā = 2 ∂Σ tr (ẽ ∧w) is the generalization of the Gibbons-Hawking term appropriate for higher spin theories, cf. eq. (2.5). The first boundary term can be obtained by deriving the Chern-Simons action from the first order action given in eq. (3.6) and introduces divergences to the otherwise finite action. The counterterm B 3 [A −Ā] cancels these divergences and leads to a finite on-shell action and finite one-point functions for the dual stress-energy tensor and spin-3 current. In analogy with pure three-dimensional gravity we expect the counterterm B 3 [A,Ā] to be non-linear in the Chern-Simons fields. This is a consequence of general covariance of the second order formulation of higher spin theories. It is also not unreasonable to expect that, in the Fefferman-Graham gauge, this term becomes quadratic in the Chern-Simons fields. The Fefferman-Graham gauge for the SL(3, R) connections A andĀ is given by eq. (2.10), where L 0 is now the zero mode of the SL(2, R) subalgebra, supplemented by the following conditions [5] 
where W 0 is one of the generators associated with the spin-3 part of the algebra. While the first condition guarantees g µr = 0, the second condition implies ψ µrr = 0. Note, however, that these conditions do not fully fix the gauge. One must also impose [5] tr (A + W +1 ) = 0, tr
It is important to note that the Fefferman-Graham gauge is compatible with a large set of yet to be determined boundary conditions on the metric and spin-3 field. However, if we move away from eq. (3.8) we automatically impose boundary conditions for the g µr and ψ µrr components of these fields. Indeed, relaxing the first and second conditions in eq. (3.8) we find, respectively,
In particular note that g µr is not compatible with Brown-Henneaux boundary conditions (2.18). If we relax eq. (3.8) the gauge symmetry may be used to fix instead
Now that we are in the Fefferman-Graham gauge we may consider turning off the higher spin fields. Then I b(3) [A,Ā] must reduce to the boundary term I b [A,Ā] of the SL(2, R) theory. This means that up to contributions from the higher spin generators W a , the asymptotic boundary terms of the higher and lower spin theories must match. Any additional contributions are then fixed by requiring cancellation of any residual divergences in the action. We thus obtain,
(3.12)
The boundary terms in eq. (3.12) could have been obtained by demanding a finite action whose variation fixes the spin-2 and spin-3 fields at the boundary without any reference to the SL(2, R) case. One may then be tempted to conclude that the second and third terms in eq. (3.12) are appropriate for other gauges as well since, for example, relaxing eq. (3.8) does not introduce new divergences in the action. This is where comparison to the SL(2, R) case is important: if we relax the analogous condition for SL(2, R), namely eq. (2.11), then the appropriate boundary term is highly non-linear in the Chern-Simons fields. Although both counter-terms in eqs. (2.7) and (2.12) regularize the action, their finite contributions to the on-shell action are different. We expect the appropriate boundary term to be the one that can be expressed in a generally-covariant form in the metric formulation of the theory.
Similar statements hold for higher spin theories. In particular we expect the boundary terms in the second order formulation of the theory to be highly non-linear expressions of the Chern-Simons variables. We also expect these boundary terms to be uniquely determined by general covariance of the metric formulation of the theory. In analogy to the SL(2, R) case, we conjecture that in the Fefferman-Graham gauge these boundary terms become quadratic in the Chern-Simons fields and are given by eq. (3.12). Indeed, while it is clear that away from the Fefferman-Graham gauge eq. (3.12) becomes highly non-linear in the gauge fields, we do not prove that the converse is true, namely that eq. (3.12) is the Fefferman-Graham limit of a term covariant in the metric and spin-3 field.
Let us now show that eq. (3.12) leads to a finite action with a well-defined variational principle that fixes the metric and higher spin fields at the boundary. It is once again convenient to parametrize the fields a andā appearing in eq. (2.10) as follows
where L a (a = 0, ±1) and W a (a = 0, ±1, ±2) are the generators of SL(3, R) in the highest-weight basis. In the Fefferman-Graham gauge the boundary components of the metric read [38] g µν = r
µν , (3.14)
where the leading components are given by
On the other hand the boundary components of the spin-3 field are given by [38] 
whose leading component reads
Thus, the boundary values of the metric and spin-3 fields are determined by the highest and lowest-weight components of the unbarred and barred gauge fields, respectively. This is a generic feature of SL(N, R) higher spin theories in the Fefferman-Graham gauge. Unlike the SL(2, R) theory, however, not all of these components represent true boundary data, i.e. not all of these fields are fixed by the action principle. In terms of these variables variation of the action (3.1) yields
where we have ignored the bulk term responsible for the equations of motion. Thus the boundary term (3.12) performs as advertised: it yields a finite action with a well-defined variational principle that fixes the metric and spin-3 field at the boundary. Note that we have written eq. (3.18) in a convenient way without yet imposing the additional gauge fixing given in eq. The most general solution compatible with AdS boundary conditions [5] may be obtained by fixing the following boundary data,
The sixteen components of the equations of motion then allow us to solve for the sixteen unknowns. The solution is most easily expressed as [5] ,
where
The functions L,L, W, and W generate the asymptotic symmetries of the theory which are described by two copies of the W 3 algebra [5] . As in the SL(2, R) case we can use eq. (3.18) to compute the holographic one-point functions of the dual stress-energy tensor and spin-3 current. The former is given by eq. (2.21) so that
while the latter is naturally defined by
whose only non-vanishing components are given by
Not surprisingly these quantities agree with the charges generating the asymptotic symmetries of the theory. Note that the dual stress-tensor in eq. (2.21) and the dual spin-3 current in eq. (3.24) are defined with respect to g
µν , which is the metric the dual theory couples to, instead of g (−2) µν , which is the leading component of the metric in eq. (3.14).
The covariant action of higher spin black holes
Let us assume that higher spin black holes can be expressed in Schwarzschild-like coordinates, i.e. in a coordinate system featuring a horizon which corresponds to the origin of coordinates in Euclidean signature. Then, the on-shell action of higher spin black holes receives a contribution from the generalized Gibbons-Hawking term at the horizon, In analogy to the SL(2, R) case this term arises when deriving the Chern-Simons formulation of the higher spin theory from its first order formulation (3.4), i.e. it corresponds to a total derivative term (cf. eq. (2.2)). The fact that it can be interpreted as a boundary term at the horizon is a feature of our coordinate system. Nevertheless, we expect the on-shell action to be independent of the choice of coordinates as long as all the total derivative contributions that result from the derivation of the Chern-Simons action are properly taken into account. A generic feature of the Fefferman-Graham gauge, and in particular of eq. (2.10), is that the Chern-Simons action I CS [A] vanishes on-shell. Thus, although the generalized Gibbons-Hawking term at the horizon does not contribute to the variation of the action, i.e. it is not part of the off-shell action, it makes a crucial contribution to the on-shell action. As in the SL(2, R) theory we find that the on-shell action is given entirely by the boundary terms,
Let us now determine the on-shell value of the asymptotic boundary term. In order to do this we must turn on sources for the higher spin charges W and W. One motivation behind this is that eqs. (3.20) and (3.21) do not admit black hole solutions with higher spin charges. Indeed, the latter should be accompanied by conjugate chemical potentials which are naturally associated with sources for the higher spin fields [8] . As seen from eq. + do not vanish (for alternative boundary conditions see [8, 9, 42] )
The most general solution obeying these boundary conditions cannot be expressed algebraically in terms of the sources and its derivatives [38] . We may therefore consider constant solutions to the equations of motion which encompass higher spin black holes. These solutions are given by
Note that if these boundary conditions admit non-trivial asymptotic symmetries, the charges generating these symmetries are expected to be non-linear expressions of the charges of the undeformed theory [43] [44] [45] [46] . It is also important to note that the charges corresponding to these boundary conditions do not obey the standard W 3 Ward identities [38] . The latter may be obtained from the equations of motion by choosing chiral boundary conditions where one of the higher spin sources is turned off. For example for the unbarred sector we have
with all other boundary data set to zero. The equations of motion then yield the W 3 Ward identities for the spin-2 and spin-3 charges [38] ,
On the other hand the charges corresponding to the boundary conditions given in eqs. (3.28) and (3.29) obey generalized Ward identities given by eqs. (3.33) and (3.34) where L, W, µ receive non-linear corrections in barred and unbarred quantities [38] . Without sources for the higher-spin fields the boundary term (3.12) vanishes on shell and the action is given by the generalized Gibbons-Hawking term at the horizon. On the other hand, once sources for the higher spin charges are turned on the covariant on-shell action becomes
Note that all boundary terms were necessary to obtain this result: while only the last term in eq. (3.12) gives a finite contribution to eq. (3.35), the other two boundary terms are required to remove O(r 2 ) and O(r 4 ) divergences.
The asymptotic boundary term takes the form of the (irrelevant) perturbation we would add to the dual conformal field theory once sources for the higher spin charges are turned on, except that the latter do not obey the W 3 Ward identities. This may be understood as a consequence of the general covariance of the induced theory of W-gravity at the boundary. In the context of the AdS/CFT correspondence [47] [48] [49] , the on-shell action is sensitive to the Weyl and W-Weyl anomalies of the dual conformal field theory [38, 50, 51] . These anomalies play an important role in determining the induced action of two-dimensional gravity at the boundary [52] . Indeed, for pure three-dimensional gravity the non-local Polyakov action may be derived directly by integrating the variation of the action given in eq. (2.16).
It is not unreasonable to expect that a similar approach yields the induced action of W-gravity in higher spin theories (see e.g. [28, 29] for reviews and refs. [53] and [38] for recent work in the context of higher spin theories). For chiral boundary conditions (3.32), solving the Ward identities given in eqs. (3.33) and (3.34) should yield the action of induced W-gravity in the chiral gauge 6 [54] ,
where d 2 x = dx + dx − = 2dtdφ and we have set ω
is a non-local function of µ, namely the solution to the Ward identities, and I µ denotes the induced action of chiral W-gravity. The latter is expected to be a covariant expression of boundary quantities, i.e. the boundary metric h µν and higher spin source ϕ µνα . 7 On the other hand, for the non-chiral boundary conditions given in eqs. (3.28) and (3.29) we expect to find
where we have used ω eq. (3.18) . The reason for the inequality in eq. (3.37) is that we expect the non-chiral action of W-gravity to be a nonlocal and covariant expression of the higher spin sources. Thus the higher spin charges cannot obey the standard W 3 Ward identities in agreement with the results of [38] . In lieu of the induced action of W-gravity, where one could explicitly check these statements, we have the on-shell value of the asymptotic boundary term (3.12) (evaluated for constant sources and charges).
We conclude this section with a few comments. First, note that it was not necessary to determine the charges of the theory in order to obtain the on-shell action and consequently the thermodynamics of higher spin black holes. Thus, an advantage of the covariant approach is that, once the solution is known, its thermodynamics follow effortlessly. Furthermore, after going to Euclidean signature with t → −it E the asymptotic boundary term becomes, 38) where the thermodynamic sources α andᾱ for the higher spin charges are given in terms of the inverse Hawking temperature β by α = 2πβµ,ᾱ = 2πβμ, (3.39) in agreement with the results of [26, 55] . On the other hand one disadvantage of our approach is that the first term in the onshell action (3.35) depends on the location of the horizon. The existence of a horizon is a non-trivial requirement in higher spin theories since higher spin gauge transformations act non-trivially on the metric [8] [9] [10] . Hence the latter can remove or restore the horizon of the higher spin black hole. Nevertheless we may assume that it is always possible to find a gauge where the horizon is manifest and the on-shell action (3.35) makes sense. In particular note that the metric obtained from the Chern-Simons connections given in eqs. (3.30) and (3.31) does not have an event horizon. This will not be a problem for the higher spin black hole of Ammon, Gutperle, Kraus, and Perlmutter [8, 10] since the gauge transformation that restores the horizon was found in [10] .
The AGKP black hole
Let us now consider the thermodynamics of the higher spin black hole of Ammon, Gutperle, Kraus, and Perlmutter [8, 10] . The black hole is described in the wormhole gauge by the connections
These solutions are closely related to those given in eqs. (3.30) and (3.31) except that they do not satisfy all the conditions of the Fefferman-Graham gauge. Indeed, while the connections above obey eq. (3.9), they only satisfy part of eq. (3.8) since
Eq. (4.3) implies that we cannot use the boundary term (3.12) when evaluating the action on shell. Indeed, away from the Fefferman-Graham gauge we expect the appropriate boundary terms accompanying the action of higher spin theories to be highly nonlinear in the Chern-Simons fields. One may attempt to put the AGKP solution in the Fefferman-Graham gauge via an SL(3, R) gauge transformation. This is not possible, however, since the resulting solution will not be compatible with the boundary conditions given in eqs. (3.28) and (3.29) . The moral of the story is that the AGKP black hole obeys more restrictive boundary conditions than those admissible by the Fefferman-Graham gauge (cf. the discussion above eq. (3.10)) and the asymptotic boundary terms found in the previous section are not applicable in this case.
Nevertheless we will assume that the on-shell action of the AGKP black hole is still given by eq. (3.35). We should then note that the solution described by eqs. (4.1) and (4.2) does not have a horizon and may be interpreted as a wormhole connecting two asymptotically-AdS 3 solutions [8, 10] . Finding the gauge transformation that makes the horizon manifest is a technically challenging task which was accomplished in [10] for a black hole with parametersL
The black hole gauge, where the horizon of the higher spin black hole is manifest, is described by connections A andĀ related to the wormhole gauge via a gauge transformation
5) 6) where A andĀ are given in terms of a andā by eq. (2.10) and the SL(3, R) element U is given by
The functions F (ξ) and G(ξ) are given in eq. (D.10) of ref. [10] and r H is the location of the horizon. The latter agrees with that of the BTZ black hole (2.28) which is the solution the AGKP black hole reduces to in the limit W → 0, µ → 0.
In analogy with the BTZ black hole, the temperature and chemical potential of the AGKP black hole may be determined from (a) the identification t E ∼ t E +β that guarantees a smooth horizon free of conical singularities in the Euclidean continuation of the metric and higher spin field; or (b) by demanding trivial holonomies for the Chern-Simons connections around the contractible time cycle. The inverse temperature and chemical potential are given by [8, 10] 8) where the constant c is defined via While we did not derive the asymptotic boundary term in eq. (4.10) we have conjectured that it takes the same form as in eq. (3.35). We can confirm that this is indeed the case by studying the thermodynamics of the AGKP black hole. The free energy of the AGKP black hole that follows from eq. (4.10) is given by 12) where once again we have used t → −it E in the Euclidean continuation of the action. In the canonical ensemble the temperature and chemical potential are held fixed and the free energy is a function of these variables. Indeed, for large temperature/small chemical potential we have 13) in agreement with the free energy of the BTZ black hole (2.29) in the limit µ → 0. From the free energy it is easy to compute the entropy, 14) which agrees with the result obtained via Wald's entropy formula [31] , by integrating the first law of thermodynamics [30] , and in the microcanonical ensemble [25, 26] (see [32, 41] for reviews and references on other approaches). Note that it was not necessary to express the free energy, that is the variables c and L, in terms of the temperature and chemical potentials in order to derive the entropy. Indeed, it is sufficient to find their derivatives with respect to β and µ via eq. (4.8). In particular, it was not necessary to find the charges of the black hole in order to determine its entropy. These charges are non-linear expressions in µ, L, and W [45, 46] . From the free energy we can also determine the charges conjugate to the temperature and chemical potential. The total energy is given by 15) which agrees with the charge computed in the canonical formalism [43] provided that variations of µ do not contribute to variation of the charge. Not surprisingly the charge conjugate to the chemical potential is proportional to the spin-3 charge of the undeformed theory,
In terms of these variables the free energy reads, 17) where E T = E − µJ . This expression is compatible with a partition function of the form, 18) which is what we expect to find in the canonical formalism and the covariant approach to the thermodynamics of black holes. We have seen that the on-shell action given in eq. When (non-constant) sources for the higher spin charges are turned on we expect to obtain the induced action of W-gravity at the boundary. Computing the induced action of Wgravity falls outside the scope of this paper. Instead we will assume that the on-shell value of the asymptotic boundary term captures some of the properties of this action. In contrast to the solution considered in the previous section the charges of the AGKP solution do obey the chiral W 3 Ward identities described by eqs. (3.33) and (3.34). 8 The AGKP solution achieves this by obeying more restrictive boundary conditions than those admissible by the Fefferman-Graham gauge. In particular the spin-3 field satisfies, cf. eq. (3.10), ψ µrr = 1 r 2 ϕ µrr + subleading terms, (4.20) where ϕ µrr depends only on the boundary coordinates.
In the previous section we argued that the charges in the boundary term (4.19) do not obey the chiral Ward identities due to general covariance of the induced action of Wgravity. This suggests that the boundary conditions obeyed by the AGKP black hole lead to a different theory of induced gravity at the boundary. From the arguments presented in the previous section one may think that this action is not covariant. This cannot be the case, however, since the higher spin theory is itself covariant. Indeed, in contrast with eq. (3.37), variation of the action is now given by 21) where the functions π i=1...4 are expected to be non-linear functions of the charges and sources. Eq. (4.21) reflects the fact that additional boundary conditions are fixed for the AGKP black hole.
Conclusions
In this paper we have proposed a set of boundary terms for higher spin theories in AdS 3 that lead to a finite action with a well-defined variational principle compatible with Dirichlet boundary conditions for the metric and higher spin fields. We expect the boundary terms to be uniquely determined by general covariance of the second order formulation of the theory which suggests that they are highly non-linear expressions of the Chern-Simons fields. Nevertheless we argued that in the Fefferman-Graham gauge the boundary terms become quadratic expressions of the latter. We showed this explicitly for the SL(2, R) theory and conjectured it to hold for higher spin theories as well. We showed that in Schwarzschild coordinates the covariant on-shell action receives a contribution from a generalization of the Gibbons-Hawking term at the horizon. This term arises in the derivation of the Chern-Simons formulation from the first order formulation of the theory. Keeping this boundary term in the action was equivalent to working in the first order formulation of the higher spin theory but the Chern-Simons language proved to be more convenient. Although the existence of a horizon is not a gauge-invariant concept, it was comforting to find that, when the horizon is manifest, its contribution to the on-shell action led to the correct thermodynamics of the AGKP black hole.
Our results suggest that the AGKP boundary conditions do not lead to the standard theory of induced W-gravity at the boundary. Note, however, that the AGKP boundary conditions are not related to the standard boundary conditions (plus sources) of [5] via a gauge transformation. Hence it is not surprising that theories obeying different boundary conditions in the bulk lead to different induced theories at the boundary.
While we did not discuss black holes in the diagonal embedding [9] it should be straightforward to generalize our results to that setting. In particular let us point out that, although the solutions presented in [9] are not in the Fefferman-Graham gauge, their chemical potential and temperature depend only on the lower spin charge and spin-2 charge, respectively. This implies that the entropy only receives contributions from the generalized GibbonsHawking term at the horizon, as in the BTZ case.
Let us conclude by suggesting future directions for the present work. First of all it would be interesting to use our approach to study the thermodynamics of the solutions presented in eqs. (3.30) and (3.31) . Although the holonomy conditions that yield a smooth solution in Euclidean signature are more complicated than those of the AGKP black hole, the main obstacle is finding a gauge where the event horizon is manifest. It would also be interesting to extend our boundary terms to the metric formulation of the SL(3, R) higher spin theory studied in [31, 56] or to derive these by demanding a well-defined variational principle of the second order action.
Finally it would be interesting to relax some of the conditions we have imposed on the action. For example refs. [39, 40] considered boundary terms that lead to a well-defined variational principle (in the second order formulation of three-dimensional gravity) only on shell. In [40] it was shown that, when accompanied by free boundary conditions [57] [58] [59] [60] [61] , the WZW model describing the asymptotic dynamics of three-dimensional gravity [34] is supplemented by the Virasoro constraints of string theory. We expect that a similar approach in higher spin theories leads to the action of so-called W-strings at the boundary which result from gauging the higher spin sources [29] . A set of boundary conditions relevant in this context were recently proposed in [53] .
A Conventions
In the main text we have used the following representation of SL(2, R) 
B Generalization to SL(N, R) higher spin theories
Let us briefly comment on the generalization of the boundary terms to SL(N, R) higher spin theories in the principal embedding. At the asymptotic boundary we have the generalization of the Gibbons-Hawking term that guarantees a well-defined variational principle for the metric and higher spin fields in the first order formulation of the theory. This term introduces divergences to the otherwise finite Chern-Simons action. In the FeffermanGraham gauge the gauge fields associated with the SL(2, R) part of the algebra, i.e. L ± , L 0 , are responsible for divergences of O(r 2 ). Since these fields are present in all SL(N, R) higher spin theories theories the boundary term is given by
where the level of the SL(N, R) Chern-Simons action is given by [5] 2) and B n denotes additional boundary terms that cancel divergences of O(r 2(n−1) ) associated with the spin-n part of the algebra. In particular, once ∂Σ tr A ∧Ā is introduced at the asymptotic boundary we expect the additional boundary terms to be fixed uniquely by requiring cancellation of divergences. Also note that eq. (B.1) reduces to the corresponding expression in the SL(2, R) theory, eq. (2.12), when the higher spin fields are turned off. It is clear that, in analogy to the SL(2, R) and SL(3, R) cases, the covariant on-shell action receives contributions from the generalized Gibbons-Hawking term at the horizon. The origin of this term is not mysterious: it arises when deriving the Chern-Simons formulation of higher spin theories from their first order formulation. In particular, since the Chern-Simons action vanishes on shell in the Fefferman-Graham gauge, the covariant action of SL(N, R) black holes is given entirely by the boundary terms 
